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Production of a single top quark provides excellent opportunity for understanding top quark physics 
and Cabibbo–Kobayashi–Maskawa structure of the quark sector in the Standard Model. Although an 
associated production with a b-quark has already been observed at the Tevatron in 2009, a single top 
production in association with a W gauge boson has not been observed till 2014 at the LHC, where pair 
production of the top quark serves as the dominant background. Due to the kinematic similarity between 
tW and the dominant background, it is challenging to ﬁnd suitable kinematic variables that offer good 
signal-background separation, which naturally leads to the use of multivariate methods. In this paper, we 
investigate kinematic structure of tW + j channel using MT2 and invariant mass variables, and ﬁnd that 
tW + j production could well be separated from tt¯ production with high purity at a low cost of statistics 
when utilizing these kinematic correlations.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The research program at the Large Hadron Collider (LHC) has 
been greatly successful in the sense that it not only discovered a 
new scalar state [1,2], which is consistent with the Higgs boson in 
the Standard Model (SM), but rediscovered the SM with great pre-
cision. Among the precision studies, the top quark (t) has received 
a particular attention as it is, and also as a window to new physics 
discovery. In fact, the LHC, dubbed as “top factory”, is capable of 
copiously producing top quarks in pair via the strong interaction. 
Although mediated by the electroweak interaction, the production 
rate of a single top quark is quite sizable due to a large center 
of mass energy so that the LHC can provide with an ideal environ-
ment to study the single top modes as well. In the SM, the relevant 
production cross section of a single top is directly proportional to 
squaring one of the Cabibbo–Kobayashi–Maskawa (CKM) matrix el-
ements, Vtb , so that single top channels serve as a way to measure 
the parameter. On top of this parameter measurement, their cross 
section measurement is also sensitive to various new phenomena 
such as forth-generation models and models with ﬂavor-changing 
neutral currents [3].
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SCOAP3.The production of a single top through s-channel and t-channel 
W gauge boson exchanges had been observed, at the 5.0 stan-
dard deviation level of signiﬁcance, separately by D0 [4] and by 
CDF [5], whereas the associated production of a single top with a 
W gauge boson (henceforth denoted by tW ) had too small a cross 
section to be observed at the Tevatron. Nevertheless, the discov-
ery of the tW channel becomes of great importance in the sense 
of 1) a way of conﬁrming the SM in the top sector, 2) a way or 
cross-check of |Vtb| measurement, and 3) a possible link to new 
physics searches such as bottom partners [6,7]. The LHC experi-
ment has been able to reach a suﬃcient production cross section 
to see the tW mode [8,9] only in ﬁve years after the discovery of 
s-channel and t-channel single top modes, and the combination of 
their cross section measurements can be found in Ref. [10]. The AT-
LAS and CMS Collaborations have devoted a lot of effort to develop 
a variety of sophisticated multivariate techniques that take advan-
tage of the differences in the kinematic distributions between the 
relevant signal and backgrounds, i.e., the method of Boost Decision 
Tree (BDT) for the CMS and the method of Multi-Variate Analy-
sis (MVA) for the ATLAS. Yet, there is no single kinematic variable 
that serves the reasonable separation between the signal and back-
grounds.
The signal channel is deﬁned by the process shown in the left 
panel of Fig. 1, while the major background to this channel is  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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attached (right panel).identiﬁed as the ordinary pair-produced top quarks for which one 
of the bottom quarks is missed (typically by transverse momen-
tum and pseudo-rapidity acceptance). Although the corresponding 
probability may not be large, the overwhelming production rate of 
tt¯ can give rise to a sizable background to the signal process. This 
expectation is clearly reﬂected in the CMS analysis of Ref. [10]. 
Their signal region is deﬁned by exactly one b-tagged jet (together 
with two W ’s). Although the signal region predominantly con-
tains tW and tt¯ events (after their selection criteria), tt¯ is still ∼ 5
times larger than tW (again motivating the adoption of multivari-
ate techniques as a posterior data analysis scheme).
It is interesting to compare the kinematic feature between the 
tW and the tt¯ systems. First of all, the bottom quark comes from 
the decay of a top quark with a W gauge boson for both signal 
and background processes, i.e., the typical hardness and the di-
rectional preference of the bottom quark are similar. Therefore, its 
kinematic ensemble for both tW and tt¯ , e.g., the distribution in the 
transverse momentum, tends to be close to each other. An analo-
gous argument is readily applicable to the lepton. For both signal 
and background, it is emitted from a W boson along with a neu-
trino, so that the typical hardness and the directional preference 
are anticipated to be similar. Along the line of this observation, it 
is not surprising that other variables induced from the momenta 
of b-quarks and leptons do not show a reasonable performance in 
separating the signal and background events. In other words, it is 
rather diﬃcult to ﬁnd suited kinematic variables that offer good 
signal-background discrimination.
Provided with such a challenging situation, we here propose an 
alternative kinematic variable-based strategy which could have ex-
pedited the observation of the single top mode associated with 
a W gauge boson. The main idea behind our proposal can be 
summarized as follows. We basically require an additional jet on 
top of a bottom-tagged jet, two opposite-signed leptons, and a 
(large) missing transverse energy in the ﬁnal state. Such an ex-
tra jet can be either b-tagged or not, i.e., 2b + +− + /ET or 
1b + 1 j + +− + /ET , correspondingly. For the latter signal region, 
we proceed exactly the same analysis as the former, i.e., we treat 
the additional non-b-tagged jet as if it were a bottom-initiated jet. 
With this requirement, the background restores the regular dilep-
tonic tt¯ event topology.1 On the other hand, the signal process 
comes with a single b-quark at the leading order, so that higher 
order contributions are essential to meet the requirement, i.e., de-
manding an extra jet to attach to the leading order process. An 
example diagram is illustrated in the right panel of Fig. 1. Unlike 
the background, the tW with an additional jet has an ill-deﬁned 
event topology because such a jet is typically from either initial 
state radiation (ISR) or ﬁnal state radiation (FSR). We then apply 
the well-known MT2 variable [11–14] and the conventional invari-
ant mass variable formed by a bottom quark and a lepton, mb . 
1 Of course, one of the two b-jets can be either b-tagged or not as well.While the background yields upper-bounded distributions in those 
variables, the signal distributions are expected to stretch further 
beyond the kinematic endpoints of the background, for which the 
details are dictated by the hardness of the extra jet. It is therefore 
expected that a large fraction of signal events survive even with 
kinematic cuts in the MT2 and mb while the background events 
are signiﬁcantly suppressed. A related approach has been exam-
ined in Ref. [15] to solve combinatorial issues with ISR in new 
physics signals involving jets. Our approach is different, and with 
our ﬁndings we suggest to use ISR to suppress backgrounds in the 
given ﬁnal state for an expedite discovery and precision measure-
ment.
The rest of this paper is organized as follows. In the next sec-
tion, we brieﬂy review the MT2 variable, taking the dileptonic tt¯ as 
a concrete example. In Sec. 3, we discuss behaviors of tt¯ and tW in 
the MT2 and mb variables with the requirement of 1b + 2 + /ET . 
We then re-examine their behaviors in those variables with an 
additional jet requirement in Sec. 4. Sec. 5 is reserved for our dis-
cussions and outlook.
2. A review on the MT2 variable
MT2 and mb variables are well-motivated especially for a cas-
cade decay of a heavy particle including two-step two-body decays 
such as the top decay, and therefore, it makes sense to investi-
gate them for the tW case. While mb is (relatively) well-known, 
the MT2 variable has non-trivial and less familiar features. In this 
sense, we provide a brief review on the MT2 variable that is em-
ployed for the analyses in the following sections. For concreteness 
of the discussion later, we take the event topology deﬁned by the 
pair-produced top quarks which subsequently decay dileptonically 
(see also Fig. 2):
tt¯ → bW+b¯W− → b+νb¯−ν¯ . (1)
We also take the decay sequence initiated by the top quark as the 
ﬁrst decay side, while that by the anti-top quark as the second 
decay side solely for convenience.
The MT2 variable was originally proposed as a simple gener-
alization of the well-known transverse mass to the case where 
each of the pair-produced heavier particles decays into an invisible 
particle along with a visible state [11–14]. Since the total missing 
transverse momentum /P T is shared by the two invisible particles, 
its formal deﬁnition is given by a minimization of the maximum 
of the two transverse masses (M(1)T and M
(2)
T ) in each decay chain 
over the transverse components of the invisible momenta (denoted 
by q(1)T and q(2)T ), subject to the /P T constraint, i.e., the total sum of 
the transverse momenta should identically vanish:
MT2(m˜) ≡ min
q (1)T ,q (2)T
{
max
[
M(1)T (q (1)T ,m˜), M(2)T (q (2)T ,m˜)
]}
,
0 = q (1) + q (2) − /P T , (2)T T
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indicate subsystems (bb), (), and (bb), respectively. (For interpretation of the 
references to color in this ﬁgure legend, the reader is referred to the web version of 
this article.)
where m˜ denotes the hypothetical/test mass parameter for the 
invisible particles and the superscripted numbers indicate the as-
sociated decay side. When more than one visible particle is in-
volved in each decay chain, then one can deﬁne MT2 in various 
subsystems [13] which can be further categorized into symmetric 
and asymmetric subsystems whether or not both M(i)T ’s (i = 1, 2)
are constructed in the same fashion. For the case of the tt¯ sys-
tem, there are three symmetric subsystems which are henceforth 
denoted by (bb), (), and (bb) subsystems as per the visible 
particles associated with the subsystem under consideration. We 
explicitly delineate those three subsystems in Fig. 2, and the oper-
ational difference among them is summarized below:
• For the (bb) subsystem, the transverse masses for the top 
quarks are minimized with the neutrinos considered as invisi-
ble particles.
• For the () subsystem, the transverse masses for the W± are 
minimized with the neutrinos considered as invisible particles. 
The visible momenta for the bottom quarks are considered as 
upstream momenta.
• For the (bb) subsystem, the transverse masses for the top 
quarks are minimized with the W± considered as invisible 
particles. The visible momenta for the leptons are considered 
as downstream momenta so that they are treated invisibly.
Since the neutrino plays a role of the invisible particle in the 
(bb) and () subsystems, the relevant test mass is typically as-
sumed to be 0 GeV as per the SM neutrino mass. Analogously, for 
the (bb) subsystem, the relevant test mass is typically assumed to 
be 80 GeV as per the mass of the W gauge boson.
Similar constructions can be performed for the asymmetric sub-
systems [16]. In this case, there arise three different subsystems 
denoted by (b), (bb), and (bl) again named after the visible par-
ticles associated with the subsystem of interest. The corresponding 
subsystems are explicitly delineated in Fig. 3, and the operational 
difference among them is explained below:
• For the (b) subsystem, the transverse masses for the top 
quark in one decay side and the W± in the other decay side 
are minimized with the neutrinos considered as invisible par-
ticles. The visible momentum for the remaining bottom quark 
is considered as upstream momenta.
• For the (bb) subsystem, the transverse masses for the top 
quarks are minimized with the neutrino in one decay side 
and the W± in the other decay side considered as invisible Fig. 3. The dileptonic tt¯ decay process with the corresponding asymmetric subsys-
tems explicitly speciﬁed. The blue dotted and red solid boxes in the left panel and 
the green dot-dashed box in the right panel indicate subsystems (b), (bb), and 
(b), respectively. (For interpretation of the references to color in this ﬁgure legend, 
the reader is referred to the web version of this article.)
particles. The visible momentum for the remaining lepton is 
considered as downstream momenta so that it is treated in-
visibly.
• For the (b) subsystem, the transverse masses for the top 
quark in one decay side and the W± in the other decay side 
are minimized with the neutrino in one decay side and the 
W± in the other decay side considered as invisible particles. 
The visible momenta for the remaining bottom quark and lep-
ton are considered as upstream and downstream momenta, 
respectively, the latter of which is treated invisibly.
Since the neutrino is considered as the invisible particle in both 
decay sides for the (b) subsystem, the relevant test mass is typ-
ically assumed to be 0 GeV as per the SM neutrino mass. On 
the contrary, in the other two subsystems, two different particle 
species take over the role of invisible particles so that two differ-
ent test masses can be imposed, accordingly, i.e., 0 GeV and 80 
GeV as per the masses of the SM neutrino and W gauge boson, 
depending on the subsystem of interest.
One noteworthy fact is that the associated MT2 distributions 
are bounded above by the mass of the decaying particle.2 In fact, 
the analytic expressions for the kinematic endpoints can be writ-
ten in terms of the mass parameters involved in the decay pro-
cess [11–13], and interestingly enough, if the test masses are the 
same as the masses of invisible particles in the relevant subsys-
tem, the maximum MT2 value is the same as the heavier of the 
actual masses of the particles whose transverse masses are min-
2 Strictly speaking, this statement is true only if the actual event comes from a 
well-deﬁned decay topology. We will see that this is not the case for our signal 
process, i.e., tW + j from an ill-deﬁned decay topology.
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and (b) simply return the top quark mass while subsystem ()
simply returns the W mass if each of the test masses is imposed 
correspondingly.
3. tW at the leading order: existing analyses
We ﬁrst discuss collider signatures of dileptonic tW channel 
at the leading order together with a brief review on the corre-
sponding experimental measurements conducted by CMS/ATLAS 
Collaborations [8,9]. For more concrete discussions later on, Monte 
Carlo event samples of tt¯ and tW including realistic effects such 
as detector resolutions have been prepared. For both signal (tW ) 
and background (tt¯), the parton level events at the leading order 
are generated by MadGraph_aMC@NLO [17] in conjunction with 
parton distribution functions given by NNPDF23 [18] that is the 
default of MadGraph_aMC@NLO. Both top quark and W boson 
are forced to decay inside MadGraph_aMC@NLO to include the 
spin-correlation and off-shell effects. The outcomes (tt¯ and tW
events) from the parton event generator are subsequently fed to
Pythia6.4 [19] for the showering and hadronization. Then those 
events are further processed to Delphes3 [20] for describing the 
detector effects. All the simulation is done with a proton–proton 
collider of 
√
s = 8 TeV and an input top mass of 173 GeV. Note that 
here we do not simulate signal and background processes with ex-
tra radiation (e.g., tt¯ + j) at the generation level, as the showering 
by Pythia module can effectively take care of the relevant dia-
grams [21–23].
Given the ﬁnal state deﬁned by the dileptonic tW at the lead-
ing order, i.e., b+− + /ET with  being either e or μ, several SM 
processes can give rise to the same visible ﬁnal state. It turns out 
that among them dileptonic tt¯ is the dominant background where 
one of b-quarks is lost, and therefore, we focus on the comparison 
between the two processes throughout this paper. To be mostly 
left with tW and tt¯ events, we closely follow the event selection 
scheme employed in Ref. [8], among which the key criteria are 
listed below:
N = 2 with opposite electric charges,
pe, μT > 10 GeV and |ηe(μ)| < 2.5 (2.4), (3)
/ET > 50 GeV for the same ﬂavor channels, (4)
m > 20 GeV and |m −mZ | > 10 GeV, (5)
N j = 0 while Nb = 1, p j(b)T > 20 (30) GeV
and |η j(b)| < 4.9 (2.4), (6)
where N and N j(b) denote the number of selected leptons and jets 
(b-tagged jets), respectively, and /ET is deﬁned as | ∑i p iT | = | − /P T |
with i being all detected particle species. Jets are formed by the 
anti-kt algorithm [24] together with a radius parameter R = 0.5, 
and the b-tagging eﬃciency is hardwired to be 70%, while the light 
quark jets are mis-tagged by 1% [8].3 A jet is tagged as a b-jet if its 
direction lies in the acceptance of the tracker and if it is associated 
to a parent b-quark [20].
Having the events passing the above-given selection cuts, we 
ﬁrst show that conventional kinematic variables such as MT2 for 
three available subsystems and mb would not help us separate 
the tW events from the tt¯ ones. The relevant distributions are ex-
hibited in the upper-left panel (MT2 in the () subsystem), the 
upper-right panel (MT2 in the (b) subsystem), the lower-left 
3 In Ref. [25], the CMS Collaboration observed similar tagging eﬃciency and mis-
tag rate in events from multijet and top-quark pair productions.panel (MT2 in the (b) subsystem), and the right panel (mb) of 
Fig. 4. Speaking of the MT2 variables in various subsystems, we 
see that both of tt¯ (blue dashed histograms) and tW (red solid 
histograms) develop similar distributions in them. For the case of 
tt¯ , the distribution in each subsystem is nothing but the one an-
ticipated in the respective subsystem, and therefore, the associated 
kinematic endpoint is expected to be the same as the W gauge 
boson mass (MT2 of subsystem ()) or the top quark mass (MT2
of subsystems (b) and (b)) with test masses imposed corre-
spondingly as mentioned earlier [13]. The theoretical endpoints 
are indicated by black dashed lines, and we see that most of tt¯
events are populated below them as expected. The small over-
ﬂow in the MT2 distributions for the () and (b) subsystems 
is due to various sources such as mis-measurement of /E T and par-
ton showering/fragmentation (see, for example, Ref. [26] for more 
systematic study on the effect of those sources). On the other 
hand, for the MT2 distribution in the (b) subsystem, it is hard 
to ﬁnd out kinematic conﬁgurations corresponding to the relevant 
endpoint so that the distribution does not reach the expected end-
point. When it comes to the signal process, in some sense, the 
ﬁnal state of tW does not differ from that of tt¯ . For example of 
the () subsystem, while the MT2 for tW can be interpreted as 
the one applied to the situation where W gauge bosons are pair-
produced with a non-zero transverse upstream momentum given 
by a bottom quark, the net upstream momentum for tt¯ is deﬁned 
by a vector sum of the transverse momenta of two bottom quarks. 
Therefore, both distributions are expected to be upper-bounded by 
the same endpoint as well as to develop similar shapes up to the 
details of upstream momenta. A similar analogy is relevant to MT2
for the other two subsystems. In this case, however, the tt¯ is in-
terpreted as a single top production associated with a W gauge 
boson with a missing b-jet absorbed into the upstream momen-
tum. Again, signal and background distributions are expected to be 
bounded above by the same endpoint, and are inclined to exhibit 
similar shapes up to the details of upstream momenta. From all 
these observations, we conclude that MT2’s in various subsystems 
are not good signal-background discriminators.
Finally, taking the mb distribution (the lower-right panel of 
Fig. 4) into consideration, we see very similar behaviors for both 
tW (red solid histogram) and tt¯ (blue dashed histogram). Here 
since there exists a two-fold combinatorial ambiguity [27], we 
keep only the smaller of the two to ensure the boundedness of 
the mb distributions. For both of them, the kinematic endpoint is 
dictated by the correct combination, i.e., the invariant mass formed 
by b and  belonging to the decay cascade initiated by the same 
top quark, so that the expected maximum mb should be identical, 
that is,
mmaxb =
√
m2t −m2W , (7)
where all ﬁnal state particles, i.e., bottom jet, lepton, and neutrino, 
are assumed massless. Again, the theoretical endpoint is indicated 
by a black dashed line, while the actual distributions involve a 
small overﬂow that is mostly stemming from the events where an 
ISR jet is mis-tagged as a bottom quark-initiated jet and off-shell 
effects.4 In addition to the correct combinations, even the ensem-
ble of incorrectly-combined mb is anticipated to be similar to each 
other because the lepton in the wrong combinatorial side is emit-
ted from the common particle species W for both tW and tt¯ . Of 
course, there may be a difference between the W from the decay 
4 In principle, the NLO corrections may affect the kinematic distributions includ-
ing mb [28]. However, we expect that the associated effect is not signiﬁcant, for 
example, based on the comparison of some kinematic distributions of tW at LO 
and NLO in Ref. [29].
516 D. Kim, K. Kong / Physics Letters B 751 (2015) 512–524Fig. 4. MT2 distributions in various subsystems – subsystem () (upper-left panel), subsystem (b) (upper-right panel), and subsystem (b) (lower-left panel) – and the 
mb distributions (lower-right panel) for tt¯ and tW events. The distributions are plotted with the events passing the selection criteria listed in Eqs. (3) through (6). The 
combinatorics arising in MT2 for subsystems (b) and (b) and mb is treated by choosing the smaller of the two possible values in each variable. The test mass for MT2
is 0 GeV for subsystems () and (b), while for subsystem (b) 0 GeV and 80 GeV are imposed for the lepton side and the bottom side, respectively. The dashed lines 
indicate the expected endpoints of the tt¯ system. (For interpretation of the colors in this ﬁgure, the reader is referred to the web version of this article.)of a top quark and the W in association with a top quark. Our sim-
ulation result shown in the lower-right panel of Fig. 4, however, 
suggests that such a difference be insigniﬁcant.5 All these obser-
vations above conﬁrm that mb as well is not an ideal kinematic 
variable for discriminating signal events from background ones.
The poor eﬃciency in separating tW and tt¯ events by using 
a few simple kinematic variables can motivate to employ a more 
sophisticated method. As a matter of fact, the ATLAS and CMS col-
laborations have made use of Boost Decision Tree (BDT) [30] for 
the purpose of rejecting more background events with more signal 
events retained. The BDT is a type of multivariate analysis (MVA), 
which is a category of analysis methods that combine multiple 
input variables into a single discriminant. A BDT takes a num-
ber of input variables (chosen by the analyst) and trains a certain 
number of decision trees to separate the signal and background 
based on Monte Carlo samples for each (for both CMS and ATLAS, 
it was tW vs. tt¯ , and other backgrounds were not included). To 
improve signal acceptance and background rejection with reliable 
performance, the relevant machine-training is “boosted” by giving 
a special weight to the cases where signal events are eventually 
identiﬁed as background events and vice versa. It has served very 
well the purpose of signal-background separation in the context of 
tW discovery. However, it is rather diﬃcult to ﬁnd variables yield-
5 We also produced the invariant mass distributions in the larger of the two com-
binations, and found that tt¯ and tW give rise to almost the same spectra.ing the best sensitivity so as to discriminate tW from backgrounds 
event-by-event. In addition, the eventual performance highly de-
pends on the training samples, so that the internal procedure is 
rather obscure.
4. tW with initial state radiation: an alternative strategy
Motivated by the challenging situation in separating the signal 
events from the background ones using simple kinematic variables, 
we propose an alternative kinematic variable-based strategy of en-
hancing the relevant signal-over-background. The basic idea behind 
it is to consider a higher order contribution, that is, a simple at-
tachment of an extra jet (see the right panel of Fig. 1 as an ex-
ample event topology). The additional jet can be either mis-tagged 
as a bottom-initiated jet or not, and we consider both cases sepa-
rately later on. Hence, we deﬁne a couple of signal regions whose 
ﬁnal states are characterized by two opposite-signed leptons, a 
large missing energy, and two (one) b-tagged and zero (one) or-
dinary jets:
Signal region I (SR-I): pp → 2b + +− + /ET . (8)
Signal region II (SR-II): pp → 1b + 1 j + +− + /ET . (9)
We particularly emphasize that the discriminating power of MT2
and mb can be dramatically improved for tW with an extra jet. 
For the background process (i.e., tt¯), the requirement of SR-I sim-
ply retrieves the entire dileptonic decay topology of top pairs so 
D. Kim, K. Kong / Physics Letters B 751 (2015) 512–524 517Fig. 5. MT2 distributions of tt¯ and tW events for the (bb) (upper-left panel) and (bb) (lower-left panel) subsystems and their corresponding selection eﬃciencies (right 
panels) in SR-I. The distributions are plotted with the events passing the selection criteria in Eqs. (3) through (6) with one more b-tagged jet is required. The relevant 
combinatorics arising in the (bb) subsystem is treated by choosing the smaller of the two possible MT2 values. The test mass for the (bb) subsystem is 0 GeV, while that 
for the (bb) subsystem is 80 GeV. The dashed lines indicate the expected endpoints of the tt¯ system. (For interpretation of the colors in this ﬁgure, the reader is referred to 
the web version of this article.)that the associated decay topology is totally well-deﬁned. For SR-II, 
even if an extra jet is not b-tagged, we expect that the relevant 
ﬁnal state of the background comes mostly from the dileptonic 
top pairs, i.e., the associated decay topology is as well-deﬁned 
as that of SR-I. On the contrary, for the signal process, an extra 
jet is typically emitted as initial or ﬁnal state radiation, and thus 
the relevant event topology is ill-deﬁned. The main idea behind 
the proposed strategy is actually to tackle such a difference. Basi-
cally, the distributions of tt¯ events in MT2 of the six subsystems 
and mb are bounded above, and their upper bound (i.e., kinematic 
endpoint) can be easily calculated like the case considered in the 
previous section. On the other hand, for tW , the extra jet coming 
from ISR can be arbitrarily hard so that the corresponding end-
points in the MT2 and mb distributions are completely dictated 
by the hardness of such an additional jet.
4.1. Signal region I: pp → 2b + +− + /ET
We begin with the discussion for signal region I, followed by 
that for signal region II in the next subsection. The event selec-
tion scheme for SR-I is the same as Eqs. (3) through (6) with an 
additional b-tagged jet. Now that we require an additional jet in 
the ﬁnal state, the MT2 of the () subsystem is not substan-
tially affected. The extra jet can be absorbed into the upstream 
momentum with respect to the () subsystem, i.e., it is simply 
a redeﬁnition of the ensemble of the upstream momentum that exists in the () subsystem MT2 for the leading order case. On 
the other hand, the MT2 distributions for the other ﬁve subsys-
tems show a signiﬁcant difference between tt¯ and tW . We ﬁrst 
exhibit the unit-normalized MT2 distributions of symmetric sub-
systems in Fig. 5: (bb) subsystem in the upper-left panel and 
(bb) subsystem in the lower-left panel. The blue dashed and the 
red solid histograms correspond to tt¯ and tW systems, respec-
tively. Here the test masses are chosen to be 0 GeV and 80 GeV 
for the (bb) and the (bb) subsystems, correspondingly, while the 
black dashed lines denote the theory predictions for the MT2 end-
points of the tt¯ system. The well-known two-fold ambiguity arising 
in the (bb) subsystem is treated by taking the smaller of the two 
possible MT2 values. We clearly see that most of the tt¯ events are 
conﬁned below the expected kinematic endpoint, whereas a large 
fraction of the tW events exceed the kinematic endpoints for the 
tt¯ system. Therefore, if one sets the cut near the kinematic end-
point, i.e., keeping the event whose MT2 value is greater than the 
cut, one can reject most of the background events with many sig-
nal events retained.
Given the way of keeping or rejecting events with respect to a 
ﬁxed MT2 cut, the associated eﬃciencies can be deﬁned as a ratio 
of the number of events passing the cut to the total number of 
events:
tt¯/tW ≡ N
tt¯/tW (after MT2 cut)
tt¯/tW
. (10)
N (before MT2 cut)
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Six possible orderings in mb and MT2 of three asymmetric subsystems and selec-
tion scheme in each ordering. For each ordering, the left-to-right sequence is from 
the lowest value to the highest. Out of four values, only the values in the second 
row are plotted in the relevant distributions.
Ordering bBaA aAbB baB A baAB abB A abAB
Selection B A B A B A
Note that eﬃciencies with the invariant mass (mb) will be deﬁned 
in a similar fashion. The right panels of Fig. 5 demonstrate the 
associated eﬃciency curves for the tt¯ and tW in the MT2 cuts. 
They clearly show that the signal eﬃciency, tW (red solid curves) 
overwhelms the background eﬃciency, tt (blue dashed curves) as 
the cuts are close to or beyond the tt¯ kinematic endpoints (black 
dashed lines).
A similar analysis can be conducted for the three asymmetric 
subsystems that are exhibited in Fig. 6: the (bb) subsystem in 
the top panels, the (b) subsystem in the middle panels, and the 
(b) subsystem in the bottom panels. The MT2 distributions are 
shown in the left panels, while the corresponding eﬃciency plots 
are shown in the right panels. Since the invisible particles in the 
(bb) and (b) subsystems are different in both decay legs, the rel-
evant test masses are applied accordingly, i.e., 0 GeV for the decay 
leg involving a lepton and 80 GeV for the decay leg involving only 
a bottom. On the other hand, the (b) subsystem assumes identi-
cal invisible particles (here neutrino) so that a common test mass 
of 0 GeV is employed. Note that there arises a combinatorial issue 
for all asymmetric subsystems. For any given event, there are two 
partitionings depending on the way of grouping one lepton and 
one bottom quark, and for each partitioning two MT2 values are 
available. To resolve this combinatorial ambiguity, we follow the 
prescription used in Ref. [31] with a slight modiﬁcation, summa-
rizing as follows. As mentioned above, each partitioning has two 
MT2 values, smaller and larger. Suppose that for one partition-
ing we have the smaller value a and the larger value A, while 
for the other partitioning we have the smaller value b and the 
larger value B . When ordering those four values, we have six pos-
sibilities. As one of the partitionings is correct, either A or B is 
surely correct. However, we are unaware a priori which is the case. 
Here we simply choose the smaller out of A and B as a conser-
vative approach. For the tW with an extra jet, this prescription 
is subtle because the relevant kinematic endpoint can be arbitrar-
ily high as explained before. But we apply this selection scheme 
for every single event as if it belonged to the dileptonic tt¯ . Those 
ordering and selection rule are tabulated in Table 1. In principle, 
this selection scheme is not unique, and other possibilities are still 
available (see Ref. [27], for example. Ref. [27] also investigated ef-
ﬁciencies and purities by varying invariant mass and MT2 cuts). 
We attempted other possible selection schemes and found that the 
above-described prescription is the best for signal-background sep-
aration.
Producing the distributions in Fig. 6 according to the prescrip-
tion, we observe a clear separation between the signal and back-
ground events in all three subsystems. Most of the background 
events are populated below the expected kinematic endpoint for 
the tt¯ while a large number of signal events can be found even be-
yond the endpoint. Again, if the cut is applied near the kinematic 
endpoint, most of the background events can be suppressed with 
many signal events kept. This expectation is consistently supported 
by the associated eﬃciency curves in the MT2 cuts. Like the cases 
in the symmetric subsystems, they also show that the signal eﬃ-
ciency denoted by red solid curves predominates the background 
eﬃciency denoted by blue dashed curves as the cuts are near or 
beyond the tt¯ kinematic endpoints indicated by black dashed lines.It is interesting to understand this overﬂow phenomenon of the 
signal in the MT2 distributions of various subsystems by investi-
gating its asymptotic behavior in the presence of a very hard b-jet 
that typically emerges due to a mis-tag of an ISR jet. By deﬁnition 
of MT2 given in Eq. (2), it is suﬃcient to evaluate the global mini-
mum of the transverse mass for the decay side having such a hard 
b-jet, assuming that it is M(1)T solely for convenience.
(
M(1)T
)2 =
(
mv(1)T
)2 + m˜21 + 2
(
Ev(1)T E
q(1)
T − p v(1)T · q (1)T
)
,
where Ev(1)T and m
v(1)
T are the transverse energy and transverse 
mass formed by all visible particles belonging to the ﬁrst decay 
side. One then can prove that the global minimum of the above 
transverse mass is given by
(
M(1)T
)
min
=mv(1) + m˜1 , (11)
where mv(1) simply implies the invariant mass formed by the rel-
evant visible particles [32,33]. More speciﬁcally, if mv(1) is formed 
by a bottom and a lepton, it is evaluated by
(
mv(1)
)2 = 2EbE(1− cos θb) , (12)
where θb denotes the intersecting angle between b and . One can 
easily see that it can be arbitrarily large as the bottom becomes ar-
bitrarily hard unless b and  are extremely collinear. Thus, Eq. (11)
can be arbitrarily large, and in turn, so can MT2. This argument 
is readily applicable to the subsystems where at least one of the 
decay sides involves a lepton and a bottom at the same time: for 
example, subsystems (bb), (bb), and (b).
If mv(1) vanishes, however, this argument gets subtle, and thus 
it is better to look at the full expressions of both MT ’s:
(
M(1)T
)2 = m˜21 + 2
(
pv(1)T E
q(1)
T − p v(1)T · q (1)T
)
, (13)
(
M(2)T
)2 =
(
mv(2)T
)2 + m˜22
+ 2
(
Ev(2)T E
q(2)
T + p v(2)T · (q (1)T + p v(1)T + p v(2)T )
)
≈
(
mv(2)T
)2 + m˜22
+ 2
(
Ev(2)T E
q(2)
T + p v(2)T · (q (1)T + p v(1)T )
)
, (14)
where in the second line of Eq. (14) we used the assumption 
that p v(1)T is hard enough to dominate over the total visible mo-
mentum, i.e., p v(1)T 	 p v(2)T . To minimize Eq. (13), q (1)T should be 
either zero or parallel to p v(1)T . But then Eq. (14) becomes very 
large unless p v(1)T is anti-parallel to p v(2)T . On the other hand, to 
minimize Eq. (14), q (1)T should be set to be anti-parallel to p v(1)T , 
which makes Eq. (13) become very large. So, the solution is likely 
to happen in a certain intermediate conﬁguration. However, both 
Eqs. (13) and (14) are quickly rising as q (1)T is away from those ex-
treme conﬁgurations due to the largeness of p v(1)T , and therefore, 
the ﬁnal MT2 value is very likely to be large.
A similar observation can be made for the mb distribution 
using an analogous argument. Again, the requirement of an ad-
ditional jet on top of a bottom-tagged jet and two opposite-signed 
leptons retrieves the entire decay topology of the dileptonic tt¯ sys-
tem, so that the invariant mass variable is upper-bounded as in the 
case of Sec. 3. On the other hand, the additional jet, which is mis-
tagged as a bottom quark in SR-I, can be arbitrarily hard, thus the 
relevant invariant mass evaluated with it can be arbitrarily large 
as explained in Eq. (12) and thereafter. We therefore expect that 
D. Kim, K. Kong / Physics Letters B 751 (2015) 512–524 519Fig. 6. MT2 distributions of tt¯ and tW events for the (bb) (upper-left panel), (b) (middle-left panel), and (b) (lower-left panel) subsystems and their corresponding 
selection eﬃciencies (right panels) in SR-I. The distributions are plotted with the events passing the selection criteria in Eqs. (3) through (6) with one more b-tagged jet is 
required. The relevant combinatorics arising in all subsystem is treated by the scheme in the text and Table 1. The test mass for the decay side involving a lepton (only a 
bottom quark) is 0 GeV (80 GeV). The dashed lines indicate the expected endpoints of the tt¯ system. (For interpretation of the colors in this ﬁgure, the reader is referred to 
the web version of this article.)the mb distribution for tt¯ is bounded above, whereas that for tW
is featured by a large tail stretching even beyond the expected 
mb endpoint of the tt¯ system. Obviously, there arises a combi-
natorial issue in having the mb distributions. For the treatment of 
wrong combinations in mb , we again follow the prescription used 
in Ref. [31], being adopted for the MT2 variables in the asymmetric 
subsystems. Having such a selection scheme in our mind, we plot 
the mb distributions for tt¯ and tW in Fig. 7 where the signal and 
the background distributions are described by the red solid and 
the blue dashed histograms, respectively. As the selection scheme preserves the kinematic endpoint of the mb distribution for the 
tt¯ system (see also Eq. (7)), we denote such a theoretical endpoint 
by the black dashed line. We clearly see that for a large fraction 
of signal events, the associated mb value exceeds the kinematic 
endpoint as expected. Like MT2, if one imposes a mb cut near the 
tt¯ kinematic endpoint, i.e., keeping the event whose mb value is 
greater than the cut, one can reject most of the background events 
while retaining many signal events. The right panel of Fig. 7 shows 
the associated eﬃciency curves for the tt¯ and tW in the mb cuts. 
We again observe that the signal eﬃciency (red solid curve) is bet-
520 D. Kim, K. Kong / Physics Letters B 751 (2015) 512–524Fig. 7. Invariant mass distribution (left panel) and mb selection eﬃciency (right panel) of tt¯ and tW events in SR-I. The distributions are plotted with the events passing the 
selection criteria in Eqs. (3) through (6) with one more b-tagged jet is required. The relevant combinatorics is treated by the prescription explained in the text and Table 1. 
The dashed lines indicate the expected endpoints of the tt¯ system. (For interpretation of the colors in this ﬁgure, the reader is referred to the web version of this article.)
Fig. 8. ROC curves (left panel) for MT2 and mb variables and their magniﬁcation for the regime having a large background rejection (right panel) in signal region I.
Table 2
Signal eﬃciency tW (numbers in the parentheses) and the associated cuts in GeV for mb and MT2 in various subsystems with respect to SR-I. The numbers are tabulated 
for four representative background rejections, 1 − tt¯ .
1− tt¯ MT2(bb) MT2(bb) MT2(bb) MT2(b) MT2(b) mb
0.999 258 (0.056) 203 (0.036) 258 (0.052) 253 (0.050) 171 (0.024) 253 (0.049)
0.99 191 (0.192) 181 (0.078) 192 (0.182) 170 (0.206) 147 (0.060) 168 (0.203)
0.90 164 (0.332) 159 (0.169) 167 (0.311) 143 (0.351) 125 (0.159) 140 (0.350)
0.50 136 (0.601) 124 (0.522) 141 (0.579) 116 (0.623) 103 (0.475) 111 (0.626)ter than the background eﬃciency (blue dashed curve) as the cut 
is close to or beyond the tt¯ kinematic endpoint (black dashed line).
To look at the signal-background separation of each variable 
more closely, we plot the Receiver Operating Characteristic (ROC) 
curves in Fig. 8. The right panel of it magniﬁes the region where 
the background rejections are large. The ROC curve showing the 
best performance (i.e., large signal eﬃciency as well as large back-
ground rejection) is drawn in the rightmost position, and the oth-
ers are exhibited in sequence of decreasing performance such as 
MT2(b), mb , MT2(bb), MT2(bb), MT2(bb), and MT2(b). The 
diagonal line connecting (1, 0) and (0, 1) (black dotted lines) is 
drawn for a reference. We here omit the one for the () subsys-
tem because it is hardly beneﬁcial in selecting signal events against background ones. In other words, it is below or close to the above-
mentioned diagonal line in all range. In Table 2, we also tabulate 
the cuts and signal eﬃciencies (tW ) of four sample points for 
which the background events are rejected by a rate of 99.9%, 99%, 
90%, and 50%. The ROC curves suggest that four variables should 
provide with almost equally best eﬃciencies, which are the mb
and the MT2 in subsystems (bb), (bb), and (b): for example, 
99.9% of background rejection vs. ∼5% of signal acceptance, 99% of 
background rejection vs. ∼20% of signal acceptance, and so on.
As the above-mentioned four are the best variables, it is inter-
esting to investigate the correlation among them to see if there is 
any further improvement in the relevant discriminating power. One 
could attempt various combinations among them. For example, 
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and mb for the tt¯ system.Fig. 9 demonstrates the unit-normalized two-dimensional temper-
ature plots of MT2(bb) vs. mb for the tt¯ (left panel) and the tW
(right panel) events. Very roughly, we observe that the two vari-
ables have a positive correlation, i.e., as MT2 in the (bb) subsys-
tem increases, mb increases as well, and vice versa. In particular, 
this trend is more manifest for signal events partly because both 
values are commonly dictated by the hardness of the additional 
jet. Hence, it is rather challenging to get a dramatic improvement 
by the introduction of simple schemes such as rejection of events 
whose MT2(bb) and mb values are simultaneously less than 
given respective cuts. We instead see that the background events 
tend to populate in a local region (lower-left corner in the ﬁgure), 
while the signal events spread over a (relatively) wider region. 
Given this observation, a potential improvement could be achieved 
by introducing a customized cut enveloping the background region 
in the left panel of Fig. 9. We do not perform a detailed study in 
this direction because it is beyond the scope of this paper.
4.2. Signal region II: 1b + 1 j + +− + /ET
The same strategy is readily available for Signal Region II. Event 
selection is done with Eqs. (3) through (5) but a slight modiﬁcation 
of Eq. (6) as follows:
N j = 1 while Nb = 1, p j,bT > 30 GeV, |η j,b| < 2.4. (15)
Once the jet is selected in this way, it is considered as another 
b-jet throughout the analysis later on. To preclude the inclusion of 
any extra loose jet, we additionally require that there should be 
only one jet even satisfying p jT > 20 GeV and |η j | < 4.9. Although 
most of events come from either tW or tt¯ , SR-II is contrasted 
with SR-I by a couple of qualitative differences. First, an enhanced 
signal-over-background is anticipated. Since the additional jet is 
typically originated from ISR/FSR gluons, more tW + j events can 
pass the relevant selection criteria than those in SR-I. On the con-
trary, the ordinary dileptonic tt¯ comes with two bottom quarks at 
the parton level, so that the requirement of a single regular jet 
and a single bottom jet reduces the background acceptance by the 
missing rate of bottom quarks. At the expense of gaining more sig-
nal acceptance, the signal separation from the background events 
becomes less eﬃcient. The reason is that for tt¯ there is more 
possibility that such an extra jet is from ISR which would have been rejected by an additional b-tagged jet. Like the signal pro-
cess tW + j, the hard ISR jet can render even tt¯ events exceed the 
expected kinematic endpoint, and as a result, the signal eﬃciency 
becomes (slightly) reduced for a given background rejection.
Fig. 10 shows MT2 distributions of tt¯ and tW events for the 
(bb) (upper-left panel), (bb) (upper-right panel), (bb) (middle-
left panel), (b) (middle-right panel), and (b) (lower-left panel) 
subsystems and mb distribution (lower-right panel). We produce 
those distributions using the events satisfying the selection cri-
teria given in Eqs. (3)–(5) and (15). The combinatorial ambiguity 
arising in all variables but the MT2 for the (bb) subsystem is taken 
care of by the same prescriptions elaborated in the previous sub-
section. The employed test masses are the same as the ones used 
in the corresponding MT2 variables in SR-I. As before, the black 
dashed lines indicate the expected endpoints of the tt¯ system. 
We observe that all distributions look very similar to the corre-
sponding ones demonstrated in Figs. 5, 6, and 7. However, we also 
observe that more background events leak beyond the associated 
kinematic endpoints as discussed before. To see the correlation of 
signal acceptance vs. background rejection, we plot the ROC curves 
in Fig. 11. Like in SR-I, the right panel of it zoom in the region 
where the background rejections are large. The color code is the 
same as that in Fig. 8. More quantitatively, we enumerate the cuts 
and signal eﬃciencies of four sample points in Table 3 like Ta-
ble 2. Signal acceptance is somewhat worse than that in SR-I for 
large background rejection. But it becomes improved compared 
with that in SR-I as background rejection decreases.
5. Discussions and outlook
The top quark is the heaviest particle in the Standard Model 
and has the largest coupling to the Higgs boson. It may open up a 
new window toward new physics and therefore it is important to 
understand its properties. Very recently, production of a top quark 
in association with a W boson has been observed by the ATLAS 
and CMS Collaborations. Most of kinematic properties of the signal 
(tW ) are very similar to those of tt¯ that is the dominant back-
ground. Multi-Variate Analysis has been adapted to discover the 
production of tW without detailed understanding of kinematics of 
the signal and its backgrounds.
In this paper, we have re-examined the production of the single 
top and a W gauge boson in the Standard Model with a non-
522 D. Kim, K. Kong / Physics Letters B 751 (2015) 512–524Fig. 10. MT2 distributions of tt¯ and tW events for the (bb) (upper-left panel), (bb) (upper-right panel), (bb) (middle-left panel), (b) (middle-right panel), and (b)
(lower-left panel) subsystems and mb distribution (lower-right panel) in SR-II. The distributions are plotted with the events passing the selection criteria in Eqs. (3)–(5)
and (15). The combinatorics arising in the relevant variables is treated by the scheme in the text and Table 1. The test mass for the decay side involving a lepton (only a 
bottom quark) is 0 GeV (80 GeV). The dashed lines indicate the expected endpoints of the tt¯ system.
Table 3
Signal eﬃciency tW (numbers in the parentheses) and the associated cuts in GeV for mb and MT2 in various subsystems with respect to SR-II. The numbers are tabulated 
for four representative background rejections, 1 − tt¯ .
1− tt¯ MT2(bb) MT2(bb) MT2(bb) MT2(b) MT2(b) mb
0.999 480 (0.003) 278 (0.003) 473 (0.003) 451 (0.005) 217 (0.004) 451 (0.004)
0.99 297 (0.042) 202 (0.036) 292 (0.042) 285 (0.044) 159 (0.035) 284 (0.044)
0.90 174 (0.318) 162 (0.155) 175 (0.305) 152 (0.340) 126 (0.153) 148 (0.346)
0.50 138 (0.617) 125 (0.513) 143 (0.587) 118 (0.635) 103 (0.485) 113 (0.635)
D. Kim, K. Kong / Physics Letters B 751 (2015) 512–524 523Fig. 11. ROC curves (left panel) for MT2 and mb variables and their magniﬁcation for the regime having a large background rejection (right panel) in signal region II.conventional strategy. Our suggestion is to consider tW + j instead 
of tW , which also modiﬁes relevant backgrounds correspondingly. 
This next-to-leading order production for tW signiﬁes the retrieval 
of the visible state of ordinary tt¯ , the major background, under 
the assumption that such an additional jet mostly comes from one 
of the bottom quarks in it. Clearly, the relevant kinematic struc-
ture of the background is well-deﬁned, so that the distributions 
in well-known kinematic variables such as the invariant mass and 
MT2 are featured by well-deﬁned kinematic endpoints. This is con-
trasted with the ill-deﬁned kinematic structure for tW + j due to 
the fact that j is typically from ISR/FSR. As a consequence, it was 
observed that for tW + j, the kinematic endpoints of aforemen-
tioned distributions are also ill-deﬁned, i.e., the distributions are 
not bounded above. Based on these observations, we found that 
one could suppress tt¯ background very eﬃciently with those vari-
ables, while obtaining a high eﬃciency in the signal, The simple 
use of kinematic variables could have helped the earlier discovery 
by a large signiﬁcance in combination with conventional chan-
nels. Since this method provides excellent background rejection, 
one could try to study other properties of top quark in this chan-
nel. We strongly encourage the ATLAS and CMS Collaborations to 
revisit their study on tW with our suggestions. Moreover searches 
for B ′ (bottom partner) in the tW ﬁnal state may exploit the sim-
ilar techniques.
We emphasize that our novel strategy is very general and can 
play a key role in separating signal and background events even in 
the context of physics models beyond the Standard Model. More 
speciﬁcally, the discussion in this paper is readily applicable to any 
processes that resemble the following structure:
A A¯ → (Bb) (B¯b¯) → (Cc b) (C¯ c¯ b¯) , (16)
AB¯ → (Bb) (B¯) → (Cc b) (C¯ c¯) , (17)
where the former represents pair-production of particle A while 
the latter represents single-production of particle A in association 
with particle B . Here A → Bb ( A¯ → B¯b¯), B → Cc (B¯ → C¯ c¯), and 
the bar denotes anti-particle. In supersymmetric models, one can 
imagine the following processes.
(1) t˜t˜∗ vs. t˜χ˜−1 (or t˜∗χ˜
+
1 ) where t˜ → χ˜+1 b → b +ν˜ and similarly 
t˜∗ → χ˜−1 b¯ → b¯ −ν˜
(2) g˜ g˜ vs. g˜q˜ (or g˜q˜∗) where g˜ → qq˜ → qq¯χ˜01The selection procedure targeting at the full visible state of the 
former processes inevitably demands an extra object for the latter 
ones, leading an ill-deﬁned event topology for the latter ones only. 
Then the kinematic variable-based strategy proposed in this paper 
can help us separate the latter processes from the former ones.
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